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In previous papers [S2, PS, CPS2] we introduced the notion of a quasi- 
hereditary algebra. Our motivation came from the desire for an algebraic 
framework to study representations of algebraic groups in characteristic p
and, in particular, to attack the Lusztig conjecture [Ll]. Our aim has been 
to understand algebraically the ingredients of the proof [BK, BB] of the 
analogous Kazhdan-Lusztig conjecture [KL] for complex semisimple Lie 
algebras, so that these methods might be applied in characteristic p. We 
have shown [PS, CPSl, CPS2] that all categories of modules involved, in 
characteristic 0 or p, as well as the perverse sheaf categories [BBD] which 
enter into the characteristic 0 proof, may be studied as categories of 
modules for quasi-hereditary algebras. 
The present paper extends the notion of a quasi-hereditary algebra in 
two important directions. First, we take up quasi-hereditary algebras over 
arbitrary commutative Noetherian rings. Second, we begin the study of 
graded quasi-hereditary algebras. In more detail, our results can be 
described as follows. 
Section 1 contains some necessary preliminary results concerning 
idempotents and idempotent ideals in semiperfect rings. We also collect 
together here a few elementary observations involving quotients of 
module categories arising from idempotent ideals. In Section 2, we begin by 
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recalling Hattori’s definition [Ha] of a k-semisimple algebra over a com- 
mutative Noetherian ring k. We establish (Theorem 2.1) that a (k-finite) 
k-algebra E is k-semisimple if and only if each residue algebra E(p), 
p E Spec k, is semisimple. Inspired in part by Hattori’s work as well as by 
that of Auslander and Goldman [AGl, AG2] we prove various other use- 
ful results concerning k-semisimple algebras. For example, in Theorem 2.6, 
we show that if k is integrally closed and E is k-semisimple and k-projective, 
then E is a maximal order in its associated rational hull. 
In order to define (in Section 3) a quasi-hereditary algebra A over the 
ring k, we replace the usual condition that J. rad(A) . J= 0 (cf. [CPS2, 
p. 921) for a heredity ideal J by the requirement that the k-algebra 
End,(J,) be k-semisimple. Theorem 3.4 provides the main tool for check- 
ing that a k-algebra A is quasi-hereditary in terms of the residue algebras 
,4(p). We then prove that a quasi-hereditary algebra A over a commutative 
ring k of finite global dimension itself has finite global dimension. We show 
the associated module derived category @(mod-A) consequently admits a 
stratification. All these results are completely analogous to results proved 
in [CPS2, PS, Pl] for quasi-hereditary algebras over fields. Finally, using 
results from [PW], we show in Example 3.7 that q-Schur algebras provide 
examples of these more general quasi-hereditary algebras. These examples 
enjoy a special importance in trying to relate (in type A) the characteristic 
zero representation theory for quantum groups to the modular representa- 
tion theory for algebraic groups. Remark 5.6 shows the relevance of 
gradings on these (integral!) q-Schur algebras to understanding the 
connection of Lusztig’s new conjecture [L2] for quantum groups with his 
characteristic p conjecture. 
After proving some preliminary facts on graded rings and algebras in 
Section 4, we begin the study of graded quasi-hereditary algebras in 
Section 5. A main result, given in Theorem 5.4, establishes that if a 
quasi-hereditary algebra has a grading, so do the quasi-hereditary algebras 
associated to its natural stratifications (in a compatible way). These 
associated algebras can be quite small and easy to deal with, so we at least 
obtain a means of testing conjectures. 
It seems plausible that many quasi-hereditary algebras arising in the 
characteristic p theory (e.g., Schur algebras or suitable quotients) are 
graded (see Example 5.5). We view recent work [BG] of Beilinson and 
Ginsburg, independent of the quasi-hereditary theory, as suggestive that 
graded quasi-hereditary algebras may play a central role in the representa- 
tion theory of algebraic groups. According to [BG], they can show (using 
deep analytic results of Saito) that the finite-dimensional algebra arising 
naturally from the BGG category Co has a remarkable graded structure. 
The grading agrees with the filtration induced by powers of the radical, the 
relations for the algebra are generated by elements of degree 2 (that is, the 
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algebra is “quadratic”), and the algebra satisfies a “homological duality” in 
the sense of Priddy [Pr]. Beilinson and Ginsberg call graded algebras 
satisfying all of these conditions “formal.” The duality is a very strong 
restriction, implying, in particular, that the algebra is determined by the 
multiplication of n-fold extensions between its irreducible modules. This 
also implies “rigidity” properties of the category 0 (see Irving [I]). 
Eventually, we hope to use these extra structures on quasi-hereditary 
algebras to understand possible Hecke algebra actions on various module 
and associated derived categories (cf. [C, CI, LV], for example). Con- 
ceivably, establishing that the quasi-hereditary algebras arising in algebraic 
groups are graded as above is itself strong enough to imply the Lusztig 
conjecture, in conjunction with other results; certainly Andersen [A] has 
shown the conjecture is implied by properties of natural filtrations conjec- 
turally related to the radical series. Even in in characteristic 0, we do not 
know a direct proof for the category Co case discussed above (namely, that 
the associated algebra is isomorphic to the graded algebra obtained from 
the powers of its radical). 
In future work, we will extend the results of this paper to include “quad- 
ratic” and “formal” quasi-hereditary algebras, and determine conditions in 
which the recursive construction [PS, Sect. 41 for quasi-hereditary algebras 
leads from graded, quadratic, and formal algebras to algebras of the same 
type. 
1. SEMIPERFECT RINGS 
If A is a ring, we denote the category of right A-modules by mod-A. 
Recall that a ring A is called semiperfect provided that @ad(A) is a semi- 
simple Artinian ring and any idempotent in A/rad(A) lifts to an idempotent 
in A. Equivalently, A is semiperfect if and only if every finitely generated 
right A-module M has a projective cover [AF, Theorem 27.61 (see also 
[CR, Sect. 6C]). Algebras of finite type over complete, commutative 
Noetherian local rings provide a main example of semiperfect rings 
[F, 9.11; R, Theorem 6.183. The same is true for algebras of finite type over 
any commutative local ring satisfying Hensel’s lemma [AZ]. 
We begin with the following result, which is well known in slightly less 
generality [F, 11.11. 
(1.1) LEMMA. Let M be an object in an pbelian category d. Assume that 
the ring A = End, M is semiperfect. Then M is a direct sum offinitely many 
indecomposable objects in XI. Such a decomposition is unique up to permuta- 
tion and isomorphism of the factors (i.e., the Krull-Schmidt theorem holds 
for M). 
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Proof Let e,, . . . . e, be a complete set of orthogonal idempotents in A 
such that each eiAei is a local ring [AF, Theorem 27.61. Thus, M= @ Mi, 
where Mi = Me, and thus Endd(Mi) z e,Ae, is local. The result now 
follows from [Ba, Chap. I, 3.61. 1 
We use this result in establishing the following theorem, which is applied 
when we consider graded rings. 
(1.2) THEOREM. Let A be a ring having a decomposition A = A,, @ A + , 
where A, is a subring and A+ is a two-sided ideal. Assume either 
(i) A is semiperfect, and A + is contained in the radical rad(A) of A; 
or 
(ii) A+ is nilpotent. 
Then any idempotent in A is conjugate by a unit in A to an idempotent in A,. 
Proof First, assume that hypothesis (i) holds. As in the proof of 
Lemma 1.1, let e,, . . . . e, be a complete set of orthogonal idempotents with 
e,Aei local. The property that e,Ae, is local is equivalent to requiring that 
ei + rad(A) is primitive in A/r-ad(A). Thus, the projections of the ei’s onto 
A0 are still primitive idempotents in A, and they still form a complete 
orthogonal set of idempotents in A. Hence, we may assume to start that the 
e,‘s belong to A,,. Now let f be any idempotent in A. By [AF, Corollary 
(27.7)], fAf is semiperfect. Therefore, by Lemma 1.1, fA and (1 -f)A 
have finite decompositions into indecomposable objects. Also, we have 
A=(l-f)A@fA and A&z@ e,A. By Lemma 1.1 again, we must have 
fAreA and (l-f)Ar(l-e)A for some sum e of ei’s. By [CR, Ex. 15, 
p. 1421, e and f are conjugate by a unit in A. 
Now assume that A+ is nilpotent. We make use of the following known 
result [La, Theorem 1.51. 
(1.2.1) LEMMA. If e and f be idempotents in a ring A which are equal 
modulo a nilpotent ideal N, then e andf are conjugate by a unit in A. 
Proof. The proof easily reduces to the case in which N2 = 0. Write 
e = f + n, where n E N. Then en + ne = n, and it follows that if 
u=l+n-2fn, then ufu-‘=e. 1 
To complete the proof of the theorem, let e be the projection onto A,, of 
an idempotent f in A. Then, by the lemma, e and f are conjugate. 1 
An ideal J in a ring A is called an idempotent ideal provided that J= J2. 
As we observe below, idempotent ideals arise naturally when considering 
quotient categories of module categories. They also play a central role in 
130 CLINE,PARSHALL, AND SCOTT 
the theory of quasi-hereditary algebras. The following proposition relates 
idempotent ideals to idempotent elements. 
(1.3) PROPOSITION. Let A be a right Noetherian semiperfect ring. Zf J is 
an idempotent ideal in A, then J= AeA for an idempotent eE A. Let J,, . . . . J, 
be idempotent ideals with images .?, , . . . . 1, in A/x-ad(A). Then J, c ... c J, if 
and only if J, c . . c I,. When J, c . . c J,, we can find idempotents 
e,, . . . . e, in A such that e,e, = e,e, = ei for i< j and Ji= Ae,A for ail 
i= 1, . . . . t. 
Proof: Let J be an idempotent ideal in A. Then 5= J/(Jn rad(A)) is an 
idempotent ideal in the semisimple Artinian ring 2 = A/i-ad(A). Therefore, - - 
J= AFA for an idempotent Ed A. If e E A is an idempotent such that 
e+rad(A)=t?, we can write e=x+ y, where xEeJeand yEe.rad(A).e= 
rad(eAe). It follows that e - y is invertible in the ring eAe, and therefore 
eJe = eAe. Hence, eE J, Thus, J’= J/AeA is an idempotent ideal in 
A’ = A/AeA. Since J= AeA + (Jn rad(A)), it follows that J’ rad(A’) = J’. 
Since A’ is right Noetherian, Nakayama’s lemma implies that J’ = 0, i.e., 
J = AeA. 
Finally, suppose that J1, . . . . J, are idempotent ideals satisfying 
J,c ... c J,. Then in the Artinian semisimple ring 2 = A/r-ad(A), we can 
find idempotents e,, . . . . 
-- 
P, such that each Ji = Ae,A and b,e, = Fjei = ei for 
i < j. Using [AF, Theorem 27.61 and the previous paragraph, we easily see 
these lift to idempotents e,, . . . . e, in A satisfying e,e, = ejei = e, for i < j and 
Ji = Ae,A for all i. This completes the proof. 1 
(1.4) Remarks. (a) The above results remain true if the assumption 
that A be right Noetherian is replaced by the assumption that it be left 
Noetherian. 
(b) In general, an idempotent ideal J in a ring A need not have the form 
J= AeA for an idempotent e. For example, the direct sum J= Z(‘) is an 
idempotent ideal in the direct product ring A = Zz for which there exists 
no suitable idempotent. However, suppose that J is an idempotent ideal in 
a ring A such that J is a finitely generated projective right A-module. We 
claim that we can replace the ring A by the Morita equivalent ring of n x n 
matrices M,(A) (for some positive integer n) so that the idempotent ideal 
M,(J) is generated by an idempotent. To see this, observe that for some n 
there is a split injective morphism rp : J + A”” of right A-modules and an 
idempotent e E M,(A) such that q(J) = eA(“’ c J(“‘. (Here we view A’“’ as 
the M,(A)-module of n x 1 column matrices.). Choose an isomorphism 
z: q(J) -+ J, E (J, 0, . . . . 0) c A’“‘, and consider the morphsim y = r oe, 
viewed as a matrix in M,(A), so that J, = yA(“) = yeA( It follows that 
M,(J) = M,(A 1 eM,(A ). 
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Let J be an ideal in a ring A. The natural inclusion morphism i,: 
mod-A/J -+ mod-A admits a left adjoint i* = - QA A/J and a right adjoint 
i! = Hom,(A/J, - ). Obviously, we have i!i, g idmOcalJ. 
We readily verify that J is an idempotent ideal if and only if the full 
subcategory mod-A/Jr i,(mod-A/J) of mod-A is a Serre subcategory (i.e., 
mod-A/J is closed under extensions in mod-A). Thus, when J is idempotent, 
we can form the quotient category mod-A/mod-A/J [Fa, Chap. 151. 
Because mod-A/J has arbitrary products and coproducts, the quotient 
functor j * : mod-A -+ mod-A/mod-A/J admits both a left adjoint j! and a 
right adjoint j, which are full embeddings [Fa, Theorem 15.11 and 
Proposition 15.141. We therefore obtain a “recollement” diagram 
i* iI 
mod-AJJZ mod-A E mod-A/mod-AJJ 
of abelian categories in the sense of [ Pl, 1.11. (Thus, in addition, to the 
properties of the adjoint triple (j!, j*, j,) described above, (i*, i,, i!) is 
also an adjoint triple, and i, is an equivalence onto the full subcategory of 
mod-A consisting of objects X such that j*Xr 0.) We can now state the 
following result. 
(1.5) PROPOSITION. Let J be an idempotent ideal in a ring A. Put 
E = End,(J,), the endomorphism ring of J when viewed as a right A-module. 
The functor j* = Hom,(J, - ): mod-A --t mod-E is a quotient functor with 
kernel mod-A/J if and only if J, is projective and finitely generated. 
Proof Obviously, mod-A/J identifies with the kernel of j*. Also, the 
functor j* has a left adjoint defined by j! = - BE J. A necessary and 
sufficient condition that j* identify mod-E with mod-A/mod-A/J is that j* 
be exact (i.e., that J, be projective) and that j! be a full embedding (i.e., 
the adjunction morphism idmOdet. --  j*j! be an isomorphism). Suppose that 
JA is finitely generated projective. Then the adjunction map M -+ j*j! M is 
an isomorphism for all free E-modules M. For arbitrary M, an elementary 
argument involving a free presentation of M and the fact that the functor 
j*j! is right exact implies that M + j*j!M is an isomorphism. Conversely, 
suppose mod-E z mod-A/mod-A/J. If J, is not finitely generated, there is a 
morphism J + J(‘) whose composition with any projection J(‘) + J is 
non-trivial. Thus, the adjunction map M -+ j* j!M is not an isomorphism 
for M= EC’). 1 
(1.6) Remark. Suppose that J is an idempotent ideal in a ring A such 
that J= AeA for some idempotent e E A. (This occurs, for example, if A is 
a right semiperfect Noetherian ring by Proposition 1.3. Otherwise, if J, is 
132 CLINE, PARSHALL, AND SCOTT 
a finitely generated projective A-module, we may, by Remark 1.4b, replace 
A by a Morita equivalent ring to assume the existence of the idempotent e.) 
In this case, we obtain a recollement diagram 
i * J! 
mod-A/J 3 mod-A “‘mod-ede, 
,1. 
in which the adjoints j! = - BeAe eA and j, = HomeAa(Ae, - ) to 
J ‘* = - QA Ae are verified to be full embeddings. Thus, mod - eAe z 
mod-A/mod-A/J, and by Proposition 1.5 the induced functor j*j, : 
mod-eAe + mod-E is an equivalence if and only if J, is finitely generated 
projective. 
We conclude this section with some remarks concerning derived 
categories which will be used later in this paper. If d is an abelian 
category, Db(&) (resp., D+(d), D-(d)) denotes the derived category of 
bounded (resp., bounded below, bounded above) complexes in d. For a 
discussion of triangulated and derived categories, see [BBD, CPS2, 3, PS, 
V]. In particular, we consider triangulated categories 9, 9, 9” together 
with exact functors i, : 9’ + 9 and j* : 9 + 9” which satisfy the “recolle- 
ment” conditions of [BBD, 1.4.3.1-1.4.3.53. Thus, i, G i! (resp., j* s j!) 
admits an exact left adjoint U* (resp., j!) and an exact right adjoint i! 
(resp., j,) such that j*i, = 0. Also, i,, j*, j! are full embeddings, and given 
XE Ob(9)), there exist unique (up to isomorphism) distinguished triangles 
and 
i!i!X-+X*j,j*X-, 
j!j!X-+ X+ i,i*X + 
When such a recollement occurs, we often express it diagrammatically by 
writing 
9’ 3 9 s 9’ 
Any recollement diagram 
of abelian categories [Pl, 1.11 (e.g., those described above) in which d” 
has enough projectives (resp. , injectives) leads to a diagram of adjoint 
pairs 
D;,(d) ++ D-(d) $=s D-(-01”) 
l 
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(rev, 
which satisfies all the conditions for the full recollement diagram which still 
make sense (see [Pl, Theorem 1.71). Here 02.((S), * = +, -, b is the 
full triangulated subcategory of D*(d) consisting of complexes in d with 
cohomology in d’ (i.e., D~$,(d) is the relative derived category). As usual, 
we often use the same symbol for the derived category functors as that for 
the associated module functors. 
2. ALGEBRAS OVER COMMUTATIVE RINGS 
Throughout this paper, k denotes a commutative Noetherian ring. 
Unless otherwise indicated, we use the term k-algebra exclusively for those 
k-algebras which are finitely generated k-modules (i.e., which are k-finite). 
We define a k-algebra E to be semisimple relative to k, or k-semisimple, 
if every finitely generated right E-module M is relatively k-projective (i.e., 
the natural surjection MOk E + M, m 0 e -+ me, is E-split). This notion is 
the same as Hattori’s [Ha] concept of a semisimple k-algebra (except that 
we assume that E is k-finite). Observe that if C is a commutative k-algebra 
and if E is a C-algebra which is k-semisimple, then E is necessarily C-semi- 
simple. In fact, given a finitely generatedE-module M, if cr: M-t MOk E 
splits the map MOk E -+ M, then the composition r of CT with the natural 
morphism MOk E + MO, E splits the map MOc E -+ hf. 
Recall that a k-algebra E is separable (in the sense of Auslander and 
Goldman [AG2]) provided the product map EOk E -+ E is split as a map 
of (E, E)-bimodules. Applying the functor MO,-to this split surjection 
for a finitely generated E-module M, we immediately see that separable 
k-algebras (which are, by our convention, k-finite) are k-semisimple in the 
above sense, and remain so under any base change. (In fact, Hattori shows 
[Ha, Theorem 2.1 l] that a k-algebra E is separable if and only if EQk k’ 
is k’-semisimple for all finitely generated commutative xtension rings k’ of 
k.) Included among the separable k-algebras are the Azumaya algebras: a 
separable k-algebra E is an Azumaya algebra provided that k identifies 
isomorphically to the center of E. 
For a k-module M and a prime ideal p E Spec k, we write M, for the 
localization of M at p, and we let M(p) = MQk k(p), where k(p) = k,/pk, 
is the residue field. Also, let f, be the completion of k, and put 
A, = M, c&P ff,, the completion of M at p. The following result gives 
another characterization of k-semisimple algebras in the spirit of Auslander 
4x1 131 I-10 
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and Goldman’s characterization [AGZ, Theorem 4.73 of separability using 
maximal ideals. 
(2.1) THEOREM. A k-algebra E is k-semisimple if and only ly E(p) is a 
semisimple k(p)-algebra for all prime ideals p E Spec k. 
Proof: If E is k-semisimple, the k(p)-algebra E(p) is semisimple by [Ha, 
Propositions 2.12 and 2.71 for every p E Spec k. 
Now assume that each E(p), p E Spec k, is semisimple. To show that E is 
semisimple, by [Ha, Sect. 21, it s&ices to show that the relative Ext-group 
Ext&,(M, N) = 0 for all finitely generated E-modules Zt4, N. Observe that 
Exti,JM, N) is finitely generated over k (cf. [Ha, Sect 1.21). Using [Ha, 
p. 4081, Ext&(M, N),g Ext&, (M,, NP) for all p E Spec k: Thus, we may 
assume that k is a local ring. 
We use induction on the Krull dimension of the local ring k. Thus, we 
1 i assume that Ext,,,(M, N),, z ExtEpjk (M,, NJ = 0 for all prime ideals p 
properly contained in the maximai ideal m of k. The annihilator of 
Extk,,(M, N) is therefore contained in none of these primes. Therefore, if 
Ext&,(M, N) # 0, then {m} = Ass(Ext&(M, N)), so by [Bo, Sect. 1.4, 
Theorem 23, some power of m annihilates Ext $,(M, N). 
Observe that if m annihilates both A4 and N, then any k-split extension 
of A4 by N is also annihilated by m, and it is therefore split since, by 
hypothesis, E(m) is semisimple. Similarly, if M and N are annihilated by 
some power of m, then an easy argument using the long exact sequence of 
Ext,, establishes that ExtL,k(M, N) = 0. Thus, Ext&,(M, N) = 0 is case M 
and N both have Krull dimension equal to 0. We now argue by induction 
on dim(M) + dim(N). If one of these modules, say M, has positive dimen- 
sion, let MO be the (dimension 0) submodule of all elements annihilated by 
a power of m. Then m 4 Ass(L), where L = M/M,,. Since Ass(L) c Spec k is 
a finite set and since U, EASSCLJ p is the set of zero divisors of E acting on 
L, there exists x E m which is not a zero divisor on L. Then dim(L/xL) -C 
dim(L) = dim(M). By induction, Ext & (L/XL, N) = 0, so that multiplica- 
tion by x defines an injective endomorphism of Ext&,(L, N). Since some 
power of x annihilates ExtkJL, N), it follows that Ext&(L, N) = 0. Again, 
by induction, Ext&(M,, N) = 0, so that the long exact sequence of ExtE,k 
finally yields that Ext&JM, N) = 0. A dual argument works if dim(N) > 0: 
if L and x are defined similarly for N, then x defines a surjective 
endomorphism on ExtL,,(M, L). This completes the proof. 1 
The following corollary, largely due to Hattori, is an immediate conse- 
quence of the theorem. (The second and third assertions can also be proved 
by more elementary arguments.) 
(2.2) COROLLARY [Ha]. Let E be k-semisimple. Then the opposite 
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algebra EaP is also k-semisimple. Any homomorphic image of E is also 
k-semisimple. If S c k x is a multiplicative subset, then the localization Es 
is ks-semisimple. 
It is perhaps worth repeating here that if E is k-separable, then it 
remains k-semisimple under all base changes. 
The analog of the above theorem for separable algebras requires only 
maximal ideals [AG2, Theorem 4.71, but the corresponding statement in 
the k-semisimple case is false [EW2]. We mention that the argument in 
[AG2, Theorem 4.71 does show, however, that, if A(m) is semisimple for 
all maximal ideals m c k, then every finitely generated right A-module A4 
which is k-projective is A-projective. 
Suppose that k is an integrally closed Noetherian domain which is 
isomorphic to the center of a k-algebra E. Then, if E is k-projective, 
Auslander and Goldman establish in [AG2, Proposition 4.61 that E is 
separable if and only if E(p) is separable for all height 1 prime ideals 
p E Spec k. We do not know if this result can be extended to separability for 
projective k-algebras in general, but we can, nevertheless apply it to obtain 
the following very useful criterion: 
(2.3) PROPOSITION. Let k be a commutative integrally closed Noetherian 
domain with quotient field K, and let E be a k-projective k-algebra. 
(a) Suppose for each prime ideal p of height 1, the k(p)-algebra E(p) 
is central simple. Then E is an Azumaya algebra over k. 
(b) Suppose for each PE Spec k of height d 1 that the k(p)-algebra 
E(p) is semisimple. Then E is a finite direct product of its projections into the 
simple factors of E@ K. 
(c) In (b), suppose each E(p) is a direct product of central simple 
(Azumaya) k(p)-algebras. Then E is separable over k. In fact, the projections 
of E into the simple components of E @ K are Azumaya algebras 
over k. 
Proof Let C denote the center of E. Clearly, the localization C, of C 
at each height 1 prime p E Spec k is the center of E,, and C is the inter- 
section of these localizations. (As is well known [M2, Theorem 11.51, k is 
the intersection of the localizations k,; thus, the same is true for the finitely 
generated projective k-module E. It follows that the intersection of the C,‘s 
is a central subring of E containing C, so it must be C.) 
Since each C, above is a pure submodule of E,, it is a direct summand 
of E, over the discrete valuation ring k,. In particular C(p) is contained in 
the center of E(p). 
In case (a), the center of E(p) is k(p). Applying Nakayama’s lemma to 
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the finitely generated k,-module CJk,, we conclude that C, = k, for all 
height 1 primes p. Therefore, we obtain that C= k. It follows by [AG2, 
Theorem 4.73 as well that E, is separable and projective over the localiza- 
tion C, = k, of its center. Thus, E is separable by [AG2, Proposition 4.61, 
establishing (a). 
In case (b), let e,, . . . . e, E EO K be the central primitive idempotents. 
By an elementary fact [Ha, Theorem 4.31, each eiE E,. Hence, 
ei~h~p~=l p- E - E, which clearly proves (b). 
Finally, assume that, for ht(p) Q 1, the algebra E(p) is a direct product 
of central simple k(p)-algebras. Certainly the central primitive idempotents e, 
in (b) above all lie in the center C of E, so that C= @ Ce, and E= @ Ee,. 
By hypothesis, E(0) = E@ K is a direct product of central simple 
K-algebras. Thus, the finite extension Ce, of kei g k must be equal to the 
integrally closed domain ke, (since they both have the same quotient field 
K), and so Ce, = ke, z k is the center of Ee,. Again, by [AG2, Proposi- 
tion 4.61, each Ee, is separable over its center ke,. Thus, each Ee, is an 
Azumaya algebra, completing the proof. 1 
(2.4) Remark. If k is an arbitrary commutative Noetherian ring and E 
is an Azumaya k-algebra, then each E(p) is also an Azumaya k(p)-algebra 
for all p E Spec k. This follows immediately from [AG2, Proposition 1.4 
and Corollary 1.63. 
We define an Azumaya k-algebra E to be split if it is the endomorphsim 
ring End,(P) of a finitely generated (faithful) projective k-module P 
[AG2, Sect. 51. (Note that P is necessarily a projective generator for 
mod-k. It is also useful to observe that, given any finitely generated projec- 
tive k-module P, the rank of the free k,-module P, is a locally constant 
function on the space Spec k [Bo, II, Sect. 5.3, Theorem 23.) Thus, if E is 
split, then E, and E(p) are full matrix algebras for all p E Spec k, with rank 
independent of p when Speck is connected. 
In particular, if E is split, each specialization E(p) is split in the classical 
sense of algebras over a field. In a remarkable converse, Auslander and 
Goldman [AGZ, Theorem 7.21 prove: 
(2.4.1) THEOREM. Let k be a regular domain with quotient field K. Then 
an Azumaya algebra E over k is split if and only if the semisimple K-algebra 
E @ K is split. 
One ingredient in the proof is the fact that Azumaya algebras over 
integrally closed Noetherian domains are maximal orders [AG2, Proposi- 
tion 7.11. Hattori [Ha, Theorem 4.61 proved a version of this in the 
context of k-semisimple algebras. In the remainder of this section, we 
investigate the extent to which any k-projective k-semisimple algebra may 
be viewed as a special kind of maximal order. As an application, we prove 
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in Corollary 2.7 an analog of the above theorem for k-semisimple 
algebras. 
The following proposition is partly a lemma for the next theorem. Much 
of it was observed by Hattori [Ha, Sect. 21. 
(2.5) PROPOSITION. Suppose E is a k-projective k-algebra. 
(a) If k is contained as a subring of E, the global dimension of k is 
bounded above by the (left or right) global dimension of E. 
(b) Assume E is also a k-semisimple algebra. Then the right (or left) 
global dimension of E is bounded above by that of k. In particular, tf k is a 
Dedekind domain, any torsion-free k-semisimple algebra E is hereditary. If, 
in addition, we have k c E, then gldim. k = gl.dim. E. 
Proof (a) Suppose that kc E and gldim. E <n. Let 0 + N -+ 
p,-1 + ... -+ PO -+ A4 -+ 0 be a k-module resolution of a k-module M in 
which P,, . . . . P,- 1 are k-projective. Then NOk E is E-, and, therefore, 
k-projective. Thus, for p E Spec k, (NO, E)P g NpOkp E, is k,-free. Since 
E, 2 k,, the algebra E, is a non-zero free k,-module. Therefore, N, is 
k,-free for all p E Spec k and so N is k-projective. Thus, gl.dim. k 6 
gl.dim. E. 
(b) By Corollary 2.2, E is k-semisimple iff EoP is k-semisimple. Thus, it 
is sufficient o consider right global dimension. By an (easy) result [Ho] (see 
also [Ha, Sect. 2.1]), gl. dim. E 6 gl. dim. k. In particular, E is hereditary 
when k is hereditary (e.g., when k is a Dedekind domain.) The final asser- 
tion follows from (a). 1 
Our next theorem relates k-semisimple algebras to maximal orders. 
Hattori [Ha, Theorem 4.61 obtains the same result when the K-algebra 
EO K is central simple. 
(2.6) THEOREM. Let E be an algebra over an integrally closed Noetherian 
domain k with quotient field K. If E is k-projective and k-semisimple, then E 
is a maximal order in E 0 K. 
Proof: By Proposition 2.3b, E is a direct product of its projections into 
the simple factors of EQ K. We may thus assume that E@ K is simple, 
whence the center C of E is a domain. Since C= fihtcpJ= I C,, C is 
integrally closed if and only if each localization C, is integrally closed. 
As argued in the proof of Proposition 2.3 (second paragraph), C(p) 
embeds in the center of E(p), so C(p) is semisimple. Obviously C,,(O)= 
C, 0 Kg CK is a field, equal to the center of E 0 K, and so C, is k,-semi- 
simple by Theorem 2.1. Since k, is a discrete valuation ring and C, is tor- 
sion free, C, is free over k,. By Proposition 2.5, gldim. C, < gl.dim. k, d 1, 
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so that the domain C, is hereditary and hence a Dedekind domain (see 
also [Ha, Proposition 4.41). In particular each C, is integrally closed, and 
so C is integrally closed. 
Thus, E is an order in a central simple algebra over the quotient field 
L = CK of the Noetherian integrally closed domain C. For p E Spec k having 
height 1, the double dual E:* (with respect to C,) equals E,, since E, is 
a finitely generated torsion-free module over the Dedekind domain C,. 
Of course, Ec E** (the double dual with respect to C), while 
E** c f&p)= I E** = E. Thus, by [AGl, Theorem 1.51, it suffices to check p 
that E, is a maximal order for q E Spec C of height 1. By [ AGl, Proposi- 
tion 2.51, we need only verify that the completion -E,, is a maximal order. 
However, E is C-semisimple, and so E(q) 2 E,,/qE’, is a semisimple 
C(q)-algebra. Since E@, i, is simple, we conclude by Proposition 2.1 that 
Eq is C’,-semisimple. Arguing as in [Ha, Sect. 4.3, lemma and its proof], we 
find that q&i is the radical of 8,. Furthermore, qi?,, is the unique maximal 
ideal in Eq and E(q) is simple. By Proposition 2.5, the order E,, is 
hereditary. Now [AGl, Theorem 2.31 implies that 8, is a maximal order, 
completing the proof. 1 
We can now establish the following result when k is a regular domain 
(i.e., k, is a regular local ring for all p E Spec k). 
(2.7) COROLLARY. Suppose k is a regular domain with quotient field K, 
and E is a k-projective and k-semisimple algebra. Assume E@ K is a finite 
direct product of full matrix algebras over K. Then E is a direct product of 
split Azumaya algebras over k, the projections of E onto the components of 
EOK. 
Proof: By Theorem 2.6, E is a maximal order, and thus is the direct 
product of its projections into the components of E 0 K, which are in turn 
maximal orders and also are k-semisimple. Therefore, we may assume that 
E@ K is simple, i.e., E is a k-projective maximal order in a central simple 
algebra over K. By [AGI, Theorem 4.31, E is split in the sense of 
Remark 2.4. 1 
Finally, we will make use of the following notion of a split algebra. 
(2.8) DEFINITION. A k-semisimple algebra E is semisplit if E is a direct 
product of Azumaya k-algebras. We say that E is split if E is a direct 
product of split Azumaya k-algebras, as defined in Remark 2.4. 
This is in agreement with standard terminology for semisimple algebras 
over a field. Thus, Corollary 2.7 says that, for k a regular domain, a 
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k-projective, k-semisimple algebra E is split if and only if the semisimple 
algebra E Q K is split. Also, we observe that by [AG2, Theorem 2.11 all 
split k-semisimple algebras are k-projective. 
3. QUASI-HEREDITARY ALGEBRAS OVER RINGS 
We keep the notations and conventions of the previous section. Thus, k 
is a commutative Noetherian ring, and we only consider k-algebras which 
are k-finite. We begin with the following definition. 
(3.1) DEFINITION. An ideal J in a k-projective algebra A is called a 
heredity ideal if A/J is k-projective and the following conditions hold: 
(i) J is projective as a right ideal; 
(ii) J2 = J; 
(iii) the k-algebra E = End,(J,) is k-semisimple. 
A heredity ideal J is of separable type (resp., semisplit, split) if E is 
separable (resp., semisplit, split) over k. See Definition 2.8. 
Observe that if k is a field, then J = AeA for some idempotent e E A, and 
Remark 1.6 establishes that E= End,(J,) is Morita equivalent to eAe. 
Thus, E is semisimple if and only if eAe is semisimple. It follows that, over 
fields, the above notion of a heredity ideal is the same as the usual one 
[DRl, Pl]. We now have the following definition of a quasi-hereditary 
k-algebra. This concept generalizes the notion of a quasi-hereditary algebra 
over a field as defined and discussed in [CPS2, Pl, PS, S]. The idea of 
defining a heredity ideal in terms of the endomorphism ring E = End, (JA) 
is due to S. Konig [K] (though his notion leads to a different concept). 
(3.2) DEFINITION. A k-projective algebra A is called a quasi-hereditary 
k-algebra provided there exists a finite (“defining”) sequence 0 = 
J,,cJ,c ... c J, = A of ideals in A such that for 0 < i < t, Ji/Jj- 1 is a 
heredity ideal in A/Ji- i. We say that a quasi-hereditary k-algebra A is of 
separable type (resp., semisplit, split’) provided there exists a defining 
sequence 0 = Jo c J, c . . . c J, = A in which each of the heredity ideals 
Ji/Ji- 1 is of separable type (resp. , semisplit, split). 
’ This notion of “split” quasi-hereditary algebras should not be confused with the notion of 
“split” as defined in [P2, Sect. 43. The latter concept refers to the splitting (in the sense of 
Hochschild cohomology) of the extension algebras which occur in the recursive construction 
[PS, Sect. 41 of quasi-hereditary algebras. 
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It is clear that if O=JOc .. . c J, is a defining sequence in a quasi- 
hereditary algebra A, then each of the ideals Ji is idempotent. The 
following main theorem provides a practical method of verifying that a 
given k-algebra is quasi-hereditary. 
(3.3) THEOREM. Let A be a k-projective algebra. Assume that 
0 = J, c J, c . . c J, = A is a sequence of idempotent ideals. For a prime 
ideal p E Spec k, let Ji(p) be the image of J,(p) in A(p). Then the following 
statements hold. 
(a) The k-algebra A is quasi-hereditary with 0 = J, c J, c . . c J; = A 
as a defining sequence tf and only tf for each p E Spec k, A(p) is a 
quasi-hereditary k(p)-algebra having defining sequence 0 = Jo(p) c 
J,(p)c ... c J,(p) = A(p). ( When these conditions hold, the isomorphism 
Ii(p) z Ji(p) is also valid.) 
(b) The analog of (a) for quasi-hereditary algebras of separable type 
holds using only the maximal ideals in Spec k. 
(c) If k is a regular domain of dimension ~2, the analog of (a) for 
semisplit quasi-hereditary algebras holds using only prime ideals of height 
6 1 in Speck. 
Proof: Let A be quasi-hereditary in the sense of Definition 3.2 with 
defining sequence 0 = J, c J, c . .+ c J, = A. Let p E Spec k. Then, by base 
change, the idempotent ideal J,(p) z J,(p) is projective as a right 
A(p)-module. If E = End,(J,), the projectivity of JA implies that the semi- 
simple k(p)-algebra E(p) is isomorphic to EndACp)(J(p)ACp)). Hence, by the 
remarks preceding Definition 3.2, we see that A(p) is a quasi-hereditary 
algebra over k(p) having defining sequence J,(p) c . . c J,(p). The 
analogous conclusions in (b) and (c) hold by [AG2, Theorem 4.71. 
In order to establish the converses, we shall require the following two 
lemmas. 
(3.3.1) LEMMA. Suppose that 0 + A4 -+ F + N--t 0 is an exact sequence 
of finitely generated k-modules satisfying the following conditions: 
(a) F is a projective k-module; and 
(b) For each maximal ideal m E Spec k, the induced sequence 
0 -+ M(m) + F(m) + N(m) + 0 remains exact. 
Then M and N are both k-projective. In particular, the original sequence is 
split. 
Proof It is enough to show that the localizations M, and N, are 
k,-projective for each maximal ideal m. Since localization is an exact 
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functor, we can assume that k = k,. Clearly, the hypothesis implies that 
Tor:(N, k/m)= 0, so that [Ml, Lemma 4, p. 1291 ensures that N is 
projective. 1 
(3.3.2) LEMMA. Let E he a projective k-algebra and J a finitely generated 
right E-module. Assume that J is k-prqjective and that J(p) is E(p)-projective 
for all p E Spec k. Then J is E-projective. 
Proof. To show that J is E-projective, we can clearly assume that k is 
a complete local ring with maximal ideal m. Thus, E is a semiperfect ring 
and therefore the right E-module J(m) has a projective cover P. The 
isomorphism P(m) g J(m) lifts to a surjective E-module map P + J. Since 
P and J are isomorphic as k-modules, [M2, Theorem 2.41 implies that the 
map P -+ J is an isomorphism. 1 
We now return to the proof of the theorem. To prove (a) or (b), it is 
enough, by induction on t, to show that Js J, is a heredity ideal. We first 
show that A/J is k-projective. We can assume that k is a complete 
local ring with maximal ideal m. By Lemma 3.3.1, it is enough to show 
that the natural map J(m) + A(m) is injective. Since A is semiperfect, 
Proposition 1.3 guarantees that J= AeA for an idempotent e E A. By 
hypothesis J(m) is a heredity ideal in A(m), so that multiplication 
A(mkOrAcmle eA(m)-+J(m) is an isomorphism [Pl, Remark 3.31. How- 
ever, this isomorphism factors as the composite A(m)e@pAcmle A(m) r 
(Ae OeAe eA J(m) 4 J(m) -+ J(m). Since cp is surjective, it follows therefore 
that J((m)) s J(m). Thus, we have shown that A/J, and hence J also, are 
k-projective. 
Lemma 3.3.2 now shows that J, is A-projective. Finally, condition (ii) of 
(4.1) holds by hypothesis, while (iii) follows from Theorem 2.1 in case (a) 
and from [AG2, Theorem 4.71 in the separable case (b). 
To treat (c) similarly, observe that J is at least projective as a k,-module 
for each minimal prime p; so J is the intersection of these localizations 
by the regularity of k. Since k has dimension 62, J is k-projective 
[AGl, Corollary to Proposition 4.73. Now E= End,(J,) is semisplit by 
Proposition 2.3. 
It follows that E(m) is semisplit for every maximal (or prime) ideal m, 
as noted in Remark 2.4. Let e E A(m) be an idempotent such that J(m) = 
A(m) eA(m). Clearly, E(m) eA(m) = J(m) as an (E(m), A(m))-bimodule, 
since left multiplication by elements of A(m) on J(m) define elements of 
E(m). This bimodule has J(m) as a homomorphic image, and the 
homomorphism in question is injective on eA(m) reA(m). Now any 
module for the semisimple algebra E(m) is completely reducible, and we 
have a module homomorphism J(m) + J(m) which is injective on a set of 
generators of the form eJ(m) for an idempotent e (which may be regarded 
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as) in E(m). It follows that the module homomorphism is an isomorphism. 
Now the proof for part (c) may be completed as in parts (a) and (b). 1 
We have the following consequence of the above result. 
(3.4) COROLLARY. A projective k-algebra A is quasi-hereditary if and 
only if the opposite algebra AoP is quasi-hereditary. In fact, if 
O=J,cJ,c ... c J, = A is a defining sequence for A, then 0 = Jzp c 
JyPc . . . c JFp = AoP is a defining sequence for AoP. 
Proof This is immediate from Theorem 3.3, since the analogous result 
holds for quasi-hereditary algebras over a field [PS, Theorem 4.31. 1 
We also observe the following result concerning split quasi-hereditary 
algebras. 
(3.5) PROPOSITION. Assume that k is a regular domain with quotient field 
K and let A be a quasi-hereditary k-algebra. Then A is split with respect to 
a defining sequence 0 = J,, c J1 c . ‘. c J, = A if and only tf A @ K is split 
relative to 0= Jo@Kc ... cJ,@K=A@K. In particular, tf A@K is a 
split quasi-hereditary K-algebra, then A is a split quasi-hereditary k-algebra 
with respect o any defining sequence. 
Proof This is immediate from Corollary 2.7. 1 
The following result is also analogous to the situation of quasi-hereditary 
algebras over fields. It will turn out that the hypothesis in (c) is always 
satisfied when A is semiperfect (see Theorem 5.4) or when A is k-tightly 
graded as defined in Section 5 (see Corollary 5.8). 
(3.6) THEOREM. Let 0 = J,, c . . . c J, = A be a defining sequence of 
ideals in a quasi-hereditary k-algebra A. 
(a) gl.dim. A < 2t - 2 + gl.dim. k. (Here gl. dim. denotes either left or 
right global dimension.) In particular, tf k has finite global dimension, so does 
A. Conversely, when k is contained as a subring of A, if A has finite global 
dimension, so does k. 
(b) For each i= 1, . . . . t, the inclusion functor mod-A/J, -+ mod-A 
induces an exact, full embedding i,: Db(mod-A/J,) + Db(mod-A) of the 
associated erived categories of bounded complexes of modules. Furthermore, 
the functor i, admits an exact left adjoint i* and an exact right adjoint i!. 
If; in addition, Ji= Ae,A for an idempotent e, E A, and if e,Ae, has finite 
(right) global dimension (e.g., if k has finite global dimension), then we 
obtain a full recollement diagram :
Db(mod-A/J,) 3 Db(mod-A) 2 Db(mod-e,Ae,). 
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(c) Assume there exist idempotents e,, . . . . e,= 1 in A such that 
eiej = eje, = ei for i < j and Ji = Ae,A. Then each e, Aei is a quasi-hereditary 
k-algebra with defining sequence 0 = eJ,c,c . . ceiJiei. 
Proof. (a) (Compare [Pl, Remark (3.6b)l.) We can assume that 
gl. dim. k < co. We argue by induction on t. If t = 1, the result follows from 
Proposition 2.5. Now suppose that t > 1, and write J = J, . Then the embed- 
ding mod-A/J+ mod-A of module categories induces, by [CPSl, 
Theorem 3.11, a full embedding i, : Db(mod-A/J) + Db(mod-A) of derived 
categories having an exact right adjoint i! = R Hom,(A/J, - ). By 
Corollary (3.4), J is a projective left A-module, so that [CPSl, 
Theorem 3.11 implies i, also has an exact left adjoint i* = - @ : A/J. By 
Proposition 1.5 and [Pl, Theorem 1.71, we obtain a full recollement 
diagram: 
Db(mod-A/J) 3 D’(mod-A) 3 Db(mod-E), 
where E = End,( JA) is a k-semisimple algebra, necessarily k-projective. For 
M, NE Ob(mod-A), the distinguished triangle j!j *M + M + i, i *A4 + in 
9 = Db(mod-A) yields a long exact sequence ... + Hom”,(i,i*M, N) -+ 
Hom$(M, N) --) Hom:(j, j!M, N) + . . . However, i!N is represented by a 
complex concentrated in degrees 0, 1, while i*M is represented by a com- 
plex concentrated in degrees - 1,O. Thus, by our induction assumption, 
Hom”,( i, i *M, N) z Hom”,h~,,,-,,J)( i *M, i !N) = 0 for n-2>2t-4+ 
gl.dim. k, while 
Hom”,( j!j!M, N) g Hom’&,,d+,(j!M, j!N) = 0 
for n > gl.dim. k. This completes the proof of the first statement of (a). Also, 
using the full embedding Db(mod-A/J,) + Db(mod-A), we see that 
gl. dim. A/J, Q gl. dim. A. The second part of (a) follows immediately from 
Proposition 2.5, using the fact that A is, by definition, k-projective. 
(b) As argued in the proof of (a), there is a full embedding 
Db(mod-A/J,) + Db(mod-A). Therefore, it follows recursively that the exact 
functor Db(mod-A/J,) + Db(mod-A) is a full embedding. Now (b) follows 
from Proposition 1.5 and [Pl, Theorem 1.71. 
(c) Fix i, put e = ei, A’ = eAe, and, for I< i, J; = eJ,e = A’e,A’. Since 
A is k-projective, A’ is also k-projective by the Peirce decomposition of A 
relative to e, 1 -e. By Theorem 3.3 and [Pl, Theorem 3.71 (see also 
[CPS2, Corollary (3.7)]), for each PE Spec k, the images J;(p) of the J,!(p) 
in A’(p) determine a defining sequence in the quasi-hereditary k(p)-algebra 
A’(p). Therefore, A’ is quasi-hereditary by Theorem 3.3 again. 1 
We conclude this section with an important example of quasi-hereditary 
algebras. 
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(3.7) EXAMPLE. Schur algebras and q-Schur algebras. First, recall the 
classical definition of the Schur algebras [Gr]. Let V be an n-dimensional 
vector space over a field k (or any commutative ring). For a non-negative 
integer r, we consider the natural (right) permutation action of the 
symmetric group S, on the r-tensor space I’@‘. The Schur algebra S(n, r) 
is defined to be the corresponding endomorphism algebra End,( Pr). 
Observe that the S,-module I’@’ is a direct sum of transitive permutation 
modules (of various multiplicities). The symmetric group S, has a well- 
known q-analog, namely, the Hecke algebra Sq(r) = X(S,, k, q) (defined 
below). By considering q-analogs of the permutation representations 
described above, Dipper and James [DJl] introduced the important 
notion of the q-Schur algebra, defined as the endomorphism ring of the 
direct sum of these q-analogs (each of multiplicity one). In their second 
paper [DJ2], they redefine the q-Schur algebra by increasing the multi- 
plicities to coincide with those of the tensor space. (This results in an 
algebra which is Morita equivalent to the original.) In fact, with entirely 
different applications in mind, an action of the Hecke algebra Xq(r) on V@’ 
was lirst defined by Jimbo [J, Sect. 43. Jimbo’s action specializes to the 
usual action of S, twisted by the sign representation, and commutes with 
the action of his quantum enveloping algebra. We make use of a version of 
this action below described by Jie Du [D]. 
Let k be a commutative (not necessarily Noetherian) ring, and let q”* E k 
be an invertible element. For the Coxeter group S,, we will consider the 
corresponding Hecke algebra Xq(r) 5 A?(S,, k, q) which has distinguished 
basis ( T,,, : u’ E S,} satisfying the relations 
T, T, = 
T, 
(,“’ 1) Tw + qT,.s 
if 1( ws) > f(w) 
otherwise. 
(Here w, s E S, with s = (t, t + 1) a simple reflection, and 1 is the usual 
length function on S,.) 
Let n be a positive integer and r be a non-negative integer. Let V be 
the free k-module of rank n with ordered basis {or, . . . . o,}. For an 
ordered r-tuple I = {ii, . . . . i,} of integers ii satisfying 1 < ij-< n, write 
u,=ui,@ ‘.. @U&E v Or. Using the right permutation action of S, on V@‘, 
we consider the action of the Hecke algebra fl= Z”(r) on YBr which is 
defined by setting for s = (t, t + 1) 
1 
- q%,s if i, < i,, , 
v,T,= -v, if i, = i, + , 
(q- l)u,-q%,s if ir>it+r. 
(Thus, observe that when we specialize q”* H 1, we obtain the permutation 
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action of S, on V@‘, twisted by. the sign representation.) Following [ID], 
we define the q-Schur algebra S&n, I, k) to be the corresponding centralizer 
ring: 
S,(n, r, k) = End,,q,,,( v@‘). 
Observe that when q ‘I2 = 1 clearly S,(n, r, k) is isomorphic to the Schur 
algebra s(n, r) described above. 
Given a permutation module kX for a group G acting on a finite set X, 
the algebra End,,(kX) has a canonical basis, independent of k [Sl]. Thus, 
End..(RX) g Endkc(kX)@, R for any commutative k-algebra R (k-finite 
or not). This principle may be extended to Hecke algebra q-analogs of per- 
mutation modules (or twisted versions thereof), using (unpublished) results 
on relative norms due to Hoefsmit and Scott [HS]. Most of these results 
are stated in [D] (see especially Theorem 1.5~) when k contains Q, though 
this restriction is unnecessary. In particular, we have the following base 
change result, essentially contained in the foundational work [DJl, 21 of 
Dipper and James on q-Schur algebras. 
(3.7.1) LEMMA. Let k be as above. Then ,for any commutative k-algebra 
R, we have a natural isomorphism 
S,(n,r,k)O,R%SS,(n,r, R) 
of q-Schur algebras. 
Indeed, Dipper and James give a canonical basis (with various conven- 
tional restrictions on the coefficient rings). Jie Du [D] gives a canonical 
basis in the spirit of [HS]. His argument shows that the q-Schur algebra 
as defined above is isomorphic to that of Dipper and James [DJ2]. 
Let A(n, r)+ be the set of partitions A = (A, 2 +. >/A,) of r into at most 
n positive parts. Each ,I E A(n, r)+ defines an idempotent 0. E S&n, r, k) by 
setting for I= {i, , . . . . ir > 
<Au,= 
VI if E,= l{i,=j}l, Vj; 
0 otherwise. 
The set A(n, r)+ is partially ordered in the usual way (viz., 
A=(/,> ... >,I,) >p= (m, > ... am,) iff, for all i, I, + ... + I,>, 
m, + . . + m,). Enumerate A(n, r) + as A,, . . . . A,,, so that, for each i, ii is a 
maximal element in the set {Aj:j>i}. Put ej=lA,+ ... +tl, and 
Ji = S,(n, r, k) e,Sy (n, r, k). With this notation, we can state the following 
result. 
(3.7.2) THEOREM. For any commutative Noetherian ring k with q’/* E k, 
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the q-Schur algebra S,(n, r, k) is a quasi-hereditary k-algebra with defining 
sequence 0 = J, c J, c . . . c .I, = S, (n, r, k), where Jj= S,(n, r, k) e, 
S,(n, r, k) as defined above. Also, S,(n, r, k) is a split quasi-herditary k- 
algebra (in the sense of Definition 3.2). 
ProoJ Lemma 3.7.1 implies that for p E Spec k, we have S,(n, r, k)(p) 
z S,(n, r, k(p)), where the image of q in the residue field k(p) is, by abuse 
of notation, still denoted q. For p E Spec k, let ei = e,(p) be the image of e, 
in S,(n, r, k(p)), and let Ji(p) = S,( n, r, k(p)) FiS,(n, r, k(p)) be the image 
of Ji(p) in S,(n, r, k(p)). By [PW, Theorem4.5.2 and Remark 4.5.3-J 
s,(n, r, k(p)) is a quasi-hereditary algebra2 with defining sequence 0 = 
Jo(P)4(P)~ ..’ c J,(p) = S,(n, r, k(p)). Therefore, S,(n, r, k) is a 
quasi-hereditary algebra with defining sequence 0 = J, c . . . c JN = 
S,(n, r, k) by Theorem 3.3. 
To see that S,(n, r, k) is split, we can assume by an evident base 
change argument that k = Z[q112, q-‘j2]. In particular, k is now a regular 
domain. Let K be the quotient field of k. By [PW, Sect. 4.51, 
e,(S,(n, r, K)/J,- i @K)e,r K, so that, by Remark 1.6, 
End sVcn,r,~),~,~,O~(JiOK/Ji-~OK)~.Mm(K) 
for some integer m. Therefore, Proposition 3.5 guarantees that S,(n, r, k) is 
split. 1 
4. GRADED RINGS AND ALGEBRAS 
A ring A is (positively) graded if A = @ ip z + Ai for additive subgroups Ai 
such that Ai.AjcAi+j(i,jEZ+). We put Aa.=@idnAi and write 
A+ =Aal. Clearly, A+ is a two-sided ideal in A. If, in addition, A, is a 
semisimple Artinian ring and if Ai. Aj = Ai +j for all i, j, then we say that 
A is tightly graded. Suppose that A is a graded k-algebra. (Recall that k is 
a commutative Noetherian ring and all k-algebras are k-finite. We assume 
as well here that the structure map k + A has image in A,,; see, however, 
Remark 4.3.) Then, if A0 is k-semisimple and Ai. Aj= Ai+, for all i, j, we 
say that A is k-tightly graded, or just tightly graded (over k). Thus, by 
Proposition 2.1, a graded k-algebra A of finite type is k-tightly graded if 
and only if the specialization A(p) is tightly graded for each prime 
p E Spec k. 
We also have the notion of a Z-graded ring, viz., A = eis z Ai such that 
Ai. A,c Ai+j(i, FIG Z). It is often easy to obtain a Z-grading on a given 
'Dipper and Donkin have independently announced in [DD] that the residue algebras 
S,(n, r, k(p)) are quasi-hereditary. 
QUASI-HEREDITARY ALGEBRAS 147 
ring A. For example, if the one-dimensional torus G, = Spec Z[ t, t ~ ‘1 acts 
on A by Z-algebra automorphisms, let Ai (ie Z) be the G,-weight space 
corresponding to the character t’ E Z[ t, t -‘I on G,. These considerations 
apply, for example, to matrix rings M,(Z), Schur algebras, etc., to give 
many different Z-gradings. Unless otherwise explicitly stated in the text, a 
graded ring will always mean a positively graded ring. _ 
If A is graded, we denote the category of graded right A-modules 
by gr-mod-A. Thus, if ME Ob(gr-mod-A), then M = @ ,E z M, with 
Mi.AjcM;+,. Given another graded A-module N, then the set of mor- 
phisms from M to N in the category gr-mod-A is denoted gr-Horn, (M, N). 
Thus, gr-Horn, (M, N) = (f H E om,(M, N):f(M,)cN, for all ieZ}. As 
shown in [NO], gr-mod-d has enough projective and injective objects. 
We first prove the following result which can, in conjunction with 
Theorem 4.2 below, be used to determine the homogeneity of an ideal in a 
ring A. The argument improves upon that in [PS] which gave the same 
conclusion under more stringent hypotheses. Also, it does not require A to 
be Noetherian. 
(4.1) PROPOSITION. Let J be an ideal in a ring A, and consider the exact 
finctor i, : Db(mod-A/J) + Db(mod-A) of derived categories induced by the 
inclusion mod-A/J -+ mod-A. If i, is a full embedding, then J is an idempo- 
tent ideal. 
Proof The fact that i,: Db(mod-A/J) + Db(mod-A) is a full embedding 
gives, in particular, an isomorphism Ext\,,(M, N) r Exti (M, N) for all 
A/J-modules M, N. Thus, mod-A/J is a Serre subcategory of mod-A. As 
observed after Remark 1.4, this implies that J is an idempotent ideal. 1 
Using the results of Section 1, we next establish the following result 
which gives conditions under which an idempotent ideal is homogeneous. 
(4.2) THEOREM. Let J be an idempotent ideal in a graded ring A satisfy- 
ing A + c rad(A). Assume that either A is semiperfect or that A is a (k-finite) 
k-algebra. Then J is a homogeneous ideal. 
Proof. First, we consider the case in which A is semiperfect. By 
Theorem 1.2, there exists a unit x E A such that xex-’ = e’ E A,. Since J is 
an ideal, J= XJX- ’ = Ae’A is therefore homogeneous. 
Now we assume that A is a k-algebra. Suppose first that the theorem is 
true when k is local. Thus, we can assume each localization J, is 
homogeneous in A, for p E Spec k. We claim that J is homogeneous. To see 
this, it is sufficient o note that any homogeneous y E A such that y E J, for 
all prime (or maximal) ideals p of k must indeed belong to J. In fact, for 
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each prime ideal p c k there exists t(p) E k\p such that r(p)y~J. 
Necessarily, k equals the ideal generated by the t(p), so an obvious 
partition of unity argument yields y E J. 
Now take the completion k of k at its maximal ideal and consider 
the graded k-algebra A = A 0 f. Since A is semiperfect, Theorem 1.2 
again implies that j= AJ is homogeneous. Therefore, J= jn A is 
homogeneous. 1 
(4.3) Remark. We can extend the notion of a graded k-algebra in the 
following natural way. Assume that k is a graded, Noetherian commutative 
ring such that the structure map k -+ A is a morphism of graded rings. 
(One could form a similar notion for the signed graded commutative rings 
of homological algebra, though we do not require this here.) Then the 
above theorem still remains true. We sketch the details. First, the partition 
of unity argument given in the above proof reduces the proof to the case 
in which kO is a local ring. Next, observe that rad(A)n kc rad(k): since 
k is Noetherian, if x E k is such that 1 +x is invertible in A, then 1 +x is 
invertible in k [M2, Theorem 2.41. Thus, k, c rad(k), whence k is local. In 
particular, A/rad(k)A is Artinian, and it follows that some power of rad(A) 
is contained in .rad(k)A. Therefore, the Krull intersection theorem [M2, 
Theorem 8.101 implies that the powers of rad(A), applied to any finitely 
generated A-module, intersect trivially. 
As is well known, kO is Noetherian, and k is finitely generated in each 
degree as a module over kO. Thus, by Theorem 4.2, we can assume the 
result is true when A has only finitely many non-zero grades. We may 
assume then that the image of J in the quotient ring A/A,, is 
homogeneous for all n. Since A is a finitely generated k-module, there is a 
positive integer t such that t bounds the degrees of a finite set of k-gener- 
ators for A. Given x E J, we may choose t = t(x) to also bound the degrees 
of the homogeneous components x, , . . . . xi of x. Then fix n > t, and consider 
the ideal L& = A,,. It follows that d Ck’21 1 A, for Y > kn. Then xi E J+ dk 
for all k > 0. Since L$ c rad(A), we have by above that nk(J+ LzZ~) =J. 
Thus, each xi E J, proving that J is homogeneous. 
We also have the following result concerning graded rings. 
(4.4) PROPOSITION. Let A be a graded ring. 
(a) If A is an Artinian ring, then it is tightly graded if and only if 
A g Gr( A), the graded ring obtained from filtering A by powers of its radical 
rad( A). 
(b) If A is semiperfect with A+ c rad(A), then any ring B which is 
Morita equivalent to A is a graded, semiperfect ring with B, c rad(B) and 
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B, Morita equivalent o A,. If, in addition, A is tightly graded, then B is also 
tightly graded. 
(c) Zj” A is a graded k-algebra, then any ring B which is Morita equiv- 
alent to A is a graded k-algebra with B, Morita equivalent o A,. If, in 
addition, A is k-tightly graded, then B is also k-tightly graded. 
Proof. (a) Assume that A is Artinian. If A g Gr(A), it is obvious that 
A is tightly graded. Conversely, assume that A is tightly graded. Since A is 
Artinian, A, = 0 for all sufficiently large n. Thus, A + is nilpotent, and it 
follows that rad(A) = A + . We easily conclude that A sn = rad(A)” for all 
n30. Hence, A.EA~,,/A~,,+~ and so AzGr(A), as required. 
(b) If B is Morita equivalent to A, then BreM,(A)e for an idem- 
potent e in the ring M,(A) of n x n matrices over A satisfying 
M,,(A) eA4, (A) = M,(A). Clearly, M,(A) inherits a natural grading from 
that of A with M,(A)+ crad(M,(A)). Also, M,(A) is a semiperfect ring. 
Therefore, by Theorem 1.2a, we may assume, replacing e by a conjugate 
idempotent, that e E M,(A),,. Hence, B is graded with B, c rad( B) and 
with B, Morita equivalent to A,. 
Now suppose that A and hence M,(A) are tightly graded. Observe that 
if e E R, is an idempotent in a tightly graded ring R and if ReR = R, then 
the centralizer ring eRe is clearly also tightly graded. This follows from the 
fact that (eZe)n =eZ”e, for any ideal I and any non-negative integer n. 
Therefore, B is tightly graded. Finally, it follows from [AF, Corollary 27.81 
that B is semiperfect. This completes the proof of (b). 
(c) The proof that B is graded with B, Morita equivalent to A, 
follows as in the proof of (b) above, using Theorem 1.2. Thus, if A,, is 
k-semisimple, then B, is k-semisimple. The rest of the argument follows as 
in the proof of (b). 1 
We conclude this section with some remarks concerning “graded recolle- 
ment” for derived categories. Suppose that J is a homogeneous idempotent 
ideal in a graded ring A (obtained, perhaps, by using Proposition 4.1 and 
Theorem 4.2). If J, is projective and finitely generated, Proposition 1.5 
guarantees a recollement diagram of module categories involving 
E= End, (JA). Because the grading on J, in general induces only a 
Z-grading on E and because the requirement hat J, be projective is often 
undesirable, we will sometimes adopt the simplifying assumption that 
J= AeA for an idempotent e E A,,. In practice, the existence of e is often 
guaranteed by applying Proposition 1.3 and Theorem 1.2. In this case, eAe 
is graded in the above sense and the module recollement of Remark 1.6 
clearly yields a similar recollement diagram: 
gr-mod-A/J 5 gr-mod-d 3 gr-mod-eAe 
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for the graded categories. As noted at the end of Section 1, we thus obtain 
associated diagrams of derived categories. In this regard, we establish the 
following result. 
(4.5) Proposition. Let J be a homogeneous ideal in a graded right 
Noetherian ring A. 
(a) For*= +, -, b, the exactfinctor i,: D*(mod-A/J) -+ D*(mod-A) 
induced by the inclusion mod-A/J+ mod-A is a fill embedding tf and only tf 
the exact functor gr-i, : D*( gr-mod-A/J) -+ D*( gr-mod-A) induced by the 
inclusion gr-mod-A/J -+ gr-mod-d is a fill embedding. If i, and gr-i, are full 
embeddings, then DzodeAIJ (mod-A) s D*(mod-A) and D&,,,,,,,(gr-mod-d) 
z D*(gr-mod-A/J). 
(b) Assume that J= AeA .for an idempotent e tz A,,. Jf AjJ and eAe 
have finite (left and right) global dimension, we have a 
diagram :
Db(mod-A/J) $3 Db(mod-A) 3 Db(mod-eAe) 
tf and only tf there is a full “graded” recollement diagram :
full recollement 
Db( gr-mod-A/J) 3 Db( gr-mod-A) 5 Db(gr-mod-eAe). 
Proof (a) We establish that gr-i, is a full embedding if i, is a full 
embedding. It is suflicient to prove that gr-Ext”, (F, M) = 0 for n > 0 if F is 
a free, graded A/J-module (i.e., a direct sum of shifted copies of A/J) and 
M is a graded A/J-module. Since gr-Ext takes a direct sum in the first 
variable to a direct product, we may assume that F is a single copy of A/J 
with shifted grading. Since F is finitely generated and A is right Noetherian, 
we have 
Ext”,,.,(F, M) = 0 gr-Ext;,,(F, M(i)) 
[NO, Corollary 1.3.41 and similarly 
Ext: (F, M) = @ gr-Ext”, (F, M(i)). 
Equality of the direct sum forces equality of each of the factors. It is also 
clear that if gr-i, is a full embedding, then so is i,. 
(b) If A/J and eAe have finite global dimension, then using [NO, 
Corollary 1.3.3.121 so do the associated graded module categories. The 
conclusion of (b) therefore follows from (a) and [Pl, Theorem 1.73. 1 
QUASI-HEREDITARY ALGEBRAS 151 
5. GRADED QUASI-HEREDITARY ALGEBRAS 
Let k be a commutative Noetherian ring. 
(5.1) DEFINITION. A k-algebra A is called a graded quasi-hereditary 
k-algebra provided that A is a graded k-algebra which is also a quasi- 
hereditary k-algebra (in the sense of Definition 3.2). 
We also have the notion of a tightly graded quasi-hereditary k-algebra. 
In addition, graded quasi-hereditary algebras can be split, semisplit, and 
of separable type (see Definition 3.2 and also Theorem 5.7 below). 
Observe that if A is a graded quasi-hereditary k-algebra and if 
O=JocJ, c ... c J, = A is a defining sequence, then Theorem 4.2 implies 
that each of the idempotent ideals Ji is, in fact, homogeneous. 
We first have the following two simple examples of graded quasi- 
hereditary algebras. 
(5.2) EXAMPLE. Let A be a basic, finite dimensional hereditary algebra 
over an algebraically closed field k. Then A is a quiver algebra (with no 
relations) for a finite directed graph with no directed loops [H, pp. 455461. 
Thus, A is tightly graded by assigning to each basis element corresponding 
to a path the grade equal to the length of the path. In particular, A is a 
tightly graded quasi-hereditary algebra. 
The same quiver algebra over any commutative Noetherian ring k is also 
a tightly graded quasi-hereditary k-algebra, and it is even split. 
(5.3) EXAMPLE. Suppose that A is a k-projective, tightly graded 
k-algebra. Put N = A + , so that N’ = 0 for some positive integer r. Inspired 
by work of Dlab and Ringel [DR2] (in the ungraded situation), we show 
that a variation on the Auslander construction [Au, Theorem 10.31 leads 
to a graded quasi-hereditary k-algebra B such that A z eBe for some 
homogeneous idempotent e E B. (However, it is important that one not 
exactly follow Dlab and Ringel who used the Auslander construction itself; 
cf. below.) 
In fact, consider the generator M = A/N@ . . . 0 A/N’ for mod-A, and 
put R = End, (M). Because A, generates the A-module A/N’, we easily 
verify that there is no non-zero graded A-module homomorphism 
A/N’ + A/N’ of negative degree. Thus, R inherits a natural (positive) grad- 
ing from that of A. We will consider a certain graded subalgebra B of R 
defined as follows. If i > i, let B, = Horn, (A/N”, A/N’) z A/N’, while if j < i, 
we identify B, with the subspace of Hom,(A/Nj, A/N’) which have image 
in N’-j/N’ (thus, B, z Nipj/N’ in this case). The reader may directly verify 
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that B= @ B, is a k-subalgebra of R, and that B inherits a natural grading 
from that of R. Also, B is evidently k-projective. 
Let ei~ B be the projection of A4 onto its direct summand 
A/N’@ . . . 0 A/N, and put J, = Be,B. We assert that 0 = JO c J, c . c J, 
= B is a defining sequence in B (and thus B is quasi-hereditary). For any 
prime ideal p E Spec k, it is clear that the residue algebra B(p) is construc- 
ted from the algebra A(p) by the same procedure as that used above for B. 
Therefore, by Theorem 3.3, it suffices to verify that 0 = JO c J, c . . c J, 
= B is a defining sequence when k is a field. Since B/J, is the algebra 
obtained by applying the above construction when A is replaced by A/N’- ‘, 
it is sufficient, by induction on r, to show that Jr J, is a heredity ideal. 
However, e, Be, z A/N = A,, is semisimple. Since e, Br (A/N)@‘, an 
easy dimension count establishes that the natural multiplication map 
BeI Oc,Be, e, B + J is an isomorphism. Hence, J is a heredity ideal in B 
(cf. [Pl, Remark 3.31). 
Observe that if e = 1 - e,- , , then e is homogeneous and eBezA as 
graded k-algebras. 
We record that the Auslander construction per se does not give in 
general a quasi-hereditary algebra in the sense of Definition 3.2. To see a 
simple example, let k = C[E] be the algebra of (complex) dual numbers 
defined by ~~ = 0. Applying the construction [Au, Theorem 10.31 (so that 
N = rad(k)), R = End, (A 0 A/N) is not even k-projective, and so it is not 
a quasi-hereditary k-algebra. On the other hand, as shown in [DR2], R is 
a “quasi-hereditary semiprimary ring,” a notion we do not consider in this 
paper. 
It is also worth noting that the formalism of our construction, applied to 
the radical N of any algebra A over a field (not necessarily tightly graded), 
yields a quasi-hereditary algebra, as does the original Auslander construc- 
tion, but that the two do not in general agree. We observe also that our 
construction leads to a quasi-hereditary algebra starting from any nilpotent 
ideal N, provided that A/N is quasi-hereditary. 
We have the following result concerning graded quasi-hereditary 
k-algebras. It shows that when A is k-tightly graded, each associated 
quotient algebra A/J, is also k-tightly graded. Also, at least when A is semi- 
perfect as a ring, it establishes that the associated centralizer algebras are 
graded quasi-herditary k-algebras. (In Corollary 5.8 below, we will show 
that the hypotheses (i), (ii) of Theorem 5.4 are always satisfied when A is 
k-tightly graded.) 
(5.4) THEOREM. Let A be a graded quasi-hereditary k-algebra and let 
O=JOcJ1c . . . c J, = A be a defining sequence of ideals in A. 
(a) Each ideal J, is homogeneous, and A/J, is a graded quasi- 
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hereditary k-algebra (with obvious defining sequence). If A is tightly 
graded, so is each quotient algebra A/Ji. 
(b) Suppose e,, . . . . e, E A are idempotents satisfyling the following two 
conditions : 
(i) e,ej=e,e,=eifor i<j; 
(ii) Ji = Ae,A. 
Then, replacing the ei’s by their conjugates under some unit of A, we can 
arrange that e,, . . . . e,E A,. When this holds, the centralizer algebras eiAe, 
are graded quasi-hereditary k-algebras, tightly graded when A is tightly 
graded. 
Also, if e,, . . . . e, E A, and gl.dim. k < co, we have for each i a full recolle- 
men t diagram : 
Db( gr-mod-A/J,) 3 Db( gr-mod-A) 3 Db( gr-mod-eiAei). 
(c) Assume that A is a semiperfect ring (e.g., k is a complete local 
ring). Then we can choose idempotents e,, . . . . e,E A satisfying conditions 
(i), (ii) in (b) above. 
Proof (a) This follows from Theorem 4.2 and the fact that, in general, 
any quotient of a k-tightly graded algebra under a homogeneous ideal is 
k-tightly graded (see Corollary 2.2). 
(b) We can assume that e, = 1 E A,,. By Theorem 1.2, we can con- 
jugate e,, . . . . e,- 1 by a unit v,- 1 to assume that e,-, E A,,. By the same 
result, we can conjugate e,, . . . . e,- 2 by a unit u in e, ~, Ae,- , to assume 
that erd2EA0. Then the element u,-Z=~+(l-e,_,) is a unit in A con- 
jugating e,-, to the same element of A,,, and commuting with e,_ 1, e,. 
Continuing in this way, we clearly obtain idempotents in A, which satisfy 
(i), (ii), namely, the conjugates of the original system of ei’s under 
the product of the v;s. Now the result follows from Theorem 3.6~ and 
Proposition 4.5. 
(c) This is immediate from Proposition 1.3. i 
We now consider a specific example of a graded q-Schur algebra. 
(5.5) EXAMPLE. Let R be a discrete valuation ring of characteristic zero 
whose residue field has characteristic 3. Let k= R[q], where q is a 
primitive cube root of unity in the algebraic closure of the fraction field of 
R. Then k is a local ring with exactly two prime ideals : (0) and m 1 (q - 1). 
Let k = k/m denote its residue field, and let K be the fraction field of k. 
Following Example 3.7, let X = Xq(3) denote the Hecke algebra over k 
associated with the symmetric group S3. Observe that X (and, in fact, any 
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Hecke algebra) has two distinguished modules, denoted CJ (the sign 
representation) and r, which are free of rank 1 over k. Ifs E S, is any simple 
reflection, then the distinguished generator T, E X acts on 0 (resp., r) by 
multiplication by - 1 (resp., q). If V is the standard module for GL(3, k), 
then, as discussed in Example 3.7, I@’ is naturally a right &‘-module. 
(Recall that we have modified the usual action by the sign representation.) 
Our hypothesis guarantees that 1 + q is a unit in k. Hence if s E S, is a 
simple reflection, in the parabolic subalgebra z generated by T, we have 
1 = e, + e, for orthogonal primitive idempotents e, and e, corresponding to 
0 and r. Let P, = e,% and P, = e,#. The restrictions of these two projec- 
tive modules of z are easily computed to be P, ( XT z a@* @ r and P, 1 x;. = 
D 0 r@*. Let t E W be the other simple reflection. The module P, has an 
H-stable flag of pure submodules 
with sections r, 6, r, respectively. Similarly, P, has an Z-stable flag with 
sections g, r, g. 
It follows by an easy direct computation that the indecomposable con- 
stituents of the (right) Z-module VB3 are, up to isomorphism, (T, P,, and 
P,. Hence, if we let A denote the endomorphism ring of the Z-module 
(5.51) M=o@P,@P,, 
we see that A is Morita equivalent to the q-Schur algebra End,( P”). The 
algebra A is k-free of rank 9 and it is tightZy graded as follows: A,, is the 
k-subalgebra spanned by the idempotents which define the decomposition 
(55.1); A, is the k-span of the endomorphsisms between non-isomorphic 
indecomposable summands; A, is the k span of the nilpotent 
endomorphisms of the indecomposable summands of (5.5.1). Thus, Al is an 
(A,, A,)-bimodule, spanned as a free k-module by a set (ri2, rz,, r23, r,,} 
of four endomorphisms. The notation is chosen so that, for example, r,* is 
the endomorphism which is equal to zero on P,, P, and which maps the 
summand (r isomorphically to the bottom section of P,. Observe that A is 
isomorphic to the quotient of the tensor algebra TAO (A,) by the ideal 
generated by the set 
e= {r,*Or 21, r12 8 r23y r32 @ r21T r21 @ r12 - r23 @ 32 > 
of quadratic tensors. To see this, verify that these relations certainly hold 
in A, and that the two-sided ideal in the tensor algebra T,,(A , ) generated 
by Q contains Ay3. 
The algebras A, has three orthogonal idempotents, e,, e2, e3, corre- 
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sponding to the indecomposable summands of M. The A,,-module e,A, 
inflates to an A-module, which we label with the integer i. Let Pi = eiA. We 
easily verify that P, and P, have k-pure filtrations by A-modules with 
factors 1, 2 and 3,2, 3, respectively. The projective module P, has a 
similar filtration whose top and bottom factors are isomorphic to 2, while 
the middle factor is isomorphic to the direct sum of 1 and 3. Using this 
information, we easily construct the following projective resolutions of the 
modules i : 
Let F be either of the fields k or K, and let A,= A OF. Then for each 
i, the A,-module, if obtained by base change for the module i, is 
irreducible. Base change of the resolutions above yields minimal resolutions 
for the irreducible modules of A,. In particular, we easily verify hypothesis 
(ii) of [BG, Theorem 1.11, and therefore A, is a formal algebra in the sense 
of [BG]. (This implies that A, is quadratic; also, the notion of formal in 
[BG] includes the notion of tightly graded in our sense.) 
We shall discuss a general theory of formal quasi-hereditary algebras in 
a subsequent paper. Here we simply mention some of the interesting 
features of our example. The Poincart matrix 
of the algebra A, as defined in [BG] is the same for both choices of 
field F. 
Recall that the projective indecomposable modules of the quasi- 
hereditary algebra A, have filtrations whose factors are “Weyl modules” 
Vi. Here we label Vi by its irreducible head i. Each projective module has 
a filtration whose sections are direct sums of Weyl modules, and which 
enjoy the following layer reciprocity formula. Let Grj(Pj) denote the jth 
section of Pi relative to this filtration. Let Grj( Vi) denote the jth factor of 
Vi relative to its cosocle filtration. Then for each i, j, and I, we have 
(Gr,(P,): I’,)= [Grj(V,): i], 
where the left-hand side of the expression denotes a V, multiplicity and the 
right-hand side denotes a multiplicity of the irreducible A-module i. 
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(5.6) Remark. The GL(3) case of the above example is somewhat spe- 
cial. In higher ranks we expect it will be necessary to replace the q-Schur 
algebra (integral as above) by a suitable quotient in order for any graded 
structure to become tight. Observe that, using Corollary 5.10 below, in any 
split and tightly graded quasi-hereditary k-algebra A, the dimensions of the 
irreducible modules are the same at all specializations A(p), p E Spec k. 
Examples of Dipper (personal communication) show that this is not true 
for all irreducible modules for general q-Schur algebras. However, this must 
hold for the irreducible modules entering into the relevant Lusztig conjec- 
tures [Ll, 21 if both conjectures are true. Indeed, by the remark following 
Corollary 5.9 below, the equality of dimensions is essentially equivalent to 
the assertion (in type A) that the Lusztig quantum group conjecture 
implies the Lusztig characteristic p conjecture. 
We conclude the paper by describing some noteworthy properties of 
quasi-hereditary algebras which are tightly graded. 
(5.7) THEOREM. Let A be a quasi-hereditary k-algebra which is k-tightly 
graded. Then A is of separable type (resp., semisplit, split) if and only if the 
k-semisimple algebra A, is of separable type (resp., semisplit, split). 
Prooj Let J be a heredity ideal of A. Then J is homogeneous by 
Theorem 4.2, so A0 + J is also homogeneous. Therefore, A, + J is k-projec- 
tive, since J is k-projective and homogeneous. Also, the inclusion 
JC A, + J is k-split, since the inclusion JC A is k-split. Thus, 
A,/J,, z A,/A, n Jg A, + J/J is k-projective. Hence, A,, + A,/J, is k-split, 
and thus A,,-split. It follows that A, is the direct product of Jo and a two- 
sided ideal B,, isomorphic to the image of A, in A/J. (We can assume that 
B, is, in fact, a right ideal, and it suffices to show that Jo . B, = 0. Write 
1 = e + f for orthogonal idempotents eE B,, f E Jo. Then Jo = Joe@ JOJ: 
However, for p E Spec k, Jo (p)e = 0, so that Joe = 0 because Joe is k-projec- 
tive. Thus, J, . B, = J, . eB, = 0.) By Theorem 5.4, the k-algebra A/J is also 
a tightly graded quasi-hereditary algebra. By induction, we can assume that 
the theorem is true for A/J and B, = (A/J),. 
Now J, = A,eA, for an idempotent e E AO. Since J2 = J is homogeneous, 
we easily see that, in fact, J= AeA. Also, eAe is Morita equivalent to 
E = End, (JA) by Remark 1.6. Since E is k-semisimple, it follows that 
eAe = eA,e, and clearly, eA,e is Morita equivalent to the k-semisimple 
algebra J,,. We leave the remaining details to the reader. u 
The following result was established in the course of the above proof. 
(5.8) COROLLARY. Let 0 = J,, c J, c . . . c J, = A be a defining sequence 
in a quasi-hereditary k-algebra A which is k-tightly graded. Then there exist 
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idempoten ts e 1 , . . . . e, E A, such that Jj = Ae,A with both the conditions 
(i), (ii) of Theorem 5.4 satisfied. 
Finally, we have the following consequence of the theorem. 
(5.9) COROLLARY. Let A be a split quasi-hereditary k-algebra which is 
k-tightly graded. Then there exists projective A-modules P,, . . . . P, such that, 
for p E Spec k, the specializations P,(p), . . . . P,(p) form a complete set of non- 
isomorphic projective indecomposable A(p)-modules. If, in addition, the space 
Speck is connected, then the dimension of the irreducible A(p)-module 
corresponding to P,(p) is independent of p. 
Proof By Theorem 5.7, we can write A, as a direct product of split 
Azumaya k-algebras B, , . . . . B,. Then each Bi is the endomorphism algebra 
of a faithful projective, finitely generated k-module. Since any faithful 
projective module for a commutative ring k is a generator for mod-k, we 
see that each Bj is Morita equivalent to k. Thus, there exists a projective 
B,-module Pi such that End,,(Pi) = k. The remaining details are clear. [ 
For any split quasi-hereditary k-algebra A, it is possible to formulate 
the notion of a “Weyl module” in the spirit of [CPS2]. In fact, 
let 0 = Jo c ... c J, = A be a defining sequence such that each 
Ei = End, ( J,/Ji- ,) is split. Again, decompose E, as a direct product of split 
Azumaya algebras B,j. Let P,j be a projective B,-module such that 
End,( Pi,) r k, and define the corresponding Weyl module V,, = 
PijOE, Ji/Jip 1 E Ob(mod-A) (As observed in the proof of Proposition 1.5, 
the functor - @ &, J,/J, ~, : mod-E, -+ mod-A/J, ~, c mod-A is left adjoint to 
the “restriction” functor mod-A/J,_, + mod-E,.) These specialize to Weyl 
modules for the given A(p), p E Spec k. Also, if Spec k is connected, the 
dimensions of their specializations are independent of p E Spec k, since I/, 
is clearly k-projective. 
Now let P be a projective A-module as in Corollary 5.9 and let V 
be a Weyl module. Given p E Spec k, the multiplicity of the A(p)-simple 
module corresponding to P(p) in the Weyl module V(p) equals 
dim Hom,,,,(P(p), V(p)). Since P is A-projective, we have Hom,(P, V)(p) 
z Hom,(,,(P(p), V(p)). Thus, if Spec k is connected, the rank of the 
projective k-module Hom,(P, I’) is constant, and we conclude that the 
multiplicity dim Horn,,,, (P(p), V(p)) is independent of p. Thus, we have 
established the following result. 
(5.10) COROLLARY. Let A be a split quasi-hereditary k-algebra which is 
k-tightly graded. Let P,, . . . . P, be the projective A-modules described in 
Corollary 5.9, and let V,, . . . . V, be corresponding Weyl modules as defined 
158 CLINE, PARSHALL, AND SCOTT 
above. For p E Spec k, let Li(p) be the unique irreducible quotient module of 
Pi(p). Assume Spec k is connected. Then for given indices i, j, the multiplicity 
[V,(p): L,(p)] of L,(p) as a composition factor of V,(p) is independent 
OfP. 
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